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Abstract
We show that correlators of the gauge eld in 3D electrodynamics with N
flavors of massless matter can be obtained, in the leading order of the large N
expansion, from solutions of free classical electrodynamics in a 4D half-space
for which the 3D space is the boundary. The Abelian gauge elds of the two
theories are dual to each other. We conjecture that for 3D scalar electrody-
namics this duality still holds in the infrared when the 4D theory is moved
into the Higgs phase. We use this conjecture to argue that condensation of
monopoles (as opposed to a dilute gas of them) drives the large N 3D scalar




The recently conjectured [1,2] correspondence between four-dimensional (4D) supercon-
formal Yang-Mills theory and ve-dimensional supergravity may help us to understand the
\true" degrees of freedom of gauge theory. This correspondence lends support to the view
of the world as a holographic image [3].
In this paper, we conjecture a similar correspondence between two much simpler theories:
three-dimensional (3D) electrodynamics with a large number N of matter elds and 4D
electrodynamics, both in flat space. Actually, only a part of what we will say is a conjecture.
When the 3D theory is at its critical point, we show by a direct calculation that correlators
of the gauge eld in the leading order of the large N expansion are reproduced via free
classical electrodynamics in the bulk. (This drastic simplication is related to the fact that
the gauge eld in 3D electrodynamics becomes Gaussian in the large N limit.)
The Abelian gauge elds of the bulk and the boundary theories are dual to each other.
Our conjecture is that for 3D scalar electrodynamics this duality still holds in the infrared
when the theory in the bulk is driven into the Higgs phase. Using the conjecture, we nd
that in the 3D theory this corresponds to a connement-deconnement transition, and the
Higgs condensate to a condensate of monopoles.
Although we conjecture a correspondence between two eld theories (as opposed to
a correspondence between a eld theory and a string theory [1,2]), strings will make an
appearance. These are Abrikosov flux loops; their worldsheets exist in the bulk when it is
in the Higgs (superconducting) phase. The tension of Abrikosov loops is the string tension
in the conning 3D theory.
II. THEORY IN THE BULK
We consider a half-space of the Euclidean 4D space. The coordinates of the 3D boundary
will be x, where  = 1; 2; 3; the coordinate orthogonal to the boundary will be z. The
boundary is at z = 0; the bulk is at z  0.

















where F is the eld strength. We will show that this classical theory corresponds to the
leading order of the large N expansion in a quantum theory at the boundary. Because in
our case the gauge eld of the boundary theory becomes Gaussian in the large N limit, it
is perhaps not surprising that the requisite classical theory in the bulk is a free theory.
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In this section, we will use the \Coulomb" gauge @A = 0, supplemented, as the gauge
eld is free, by the condition Az = 0. Then, the equation of motion for A reads simply
(@2z + @
2
)A = 0 : (2)
Consider a boundary problem for the classical eld A, in which it is required to have certain
values A(x; 0) at the 3D boundary. We also require that
lim
z!1






a(k) exp(ikx) ; (4)





a(k) exp(ikx− jkjz) : (5)








All this is completely in parallel with the calculations in anti-deSitter supergravity [2].
III. THEORY AT THE BOUNDARY
A natural way to couple the boundary value A(x; 0) of the bulk eld to another gauge







where c is a real constant. We will show that there is a quantum eld theory at the boundary
such that in the leading order of the large N expansion in that theory
hexpO1i = exp(−SA[a(k)]) (8)
with SA[a(k)] obtained in the previous section. Angular brackets denote quantum averaging
at the boundary.
According to (8), the two-point function of B is obtained from the second variation of










This is the correct infrared behavior of the gauge propagator at the critical point of 3D
electrodynamics with N species of bosons or fermions in the large N limit (obtained by
summing up the one-loop bubbles). If those bosons or fermions each have charge one with
respect to B, the constant c scales as
p
N . If we rescale B, so that the charges are propor-
tional to 1=
p
N (in analogy with ’t Hooft’s limit [4] of the Yang-Mills theory), then c comes
out independent of N .
Going to higher correlation functions, we observe that the only contributions that the
right-hand of (8) reproduces are those that are disconnected, i.e. expressed through the
already obtained two-point function (9). This is just as well, for these disconnected pieces
are indeed the leading ones in the large N electrodynamics. We have thus shown that the
large N correlators of the gauge eld in 3D electrodynamics are correctly reproduced if we
use (6) as a generating functional.
Notice that we have not determined whether the N matter elds at the boundary should
be bosons or fermions. As we move on to a conjecture (in the next section), we will assume
that these elds are bosons; this may be considered as a part of the conjecture. Although
we will not be explicitly using this, we expect that the 3D bosons (n) will have, in addition
to the gauge interaction via B, a self-interaction.
IV. DUALITY
From (7), it is clear that the elds A and B are dual to each other, in the sense of
electric-magnetic duality: magnetic charge density for A is electric charge density for B,
and vice versa. Interesting consequences of this duality are obtained if we conjecture that a
certain version of the holographic correspondence holds when the gauge theory in the bulk









2 + j(@ − ieA)j
2 + (jj2 − v2)2

(10)
to the action (1). We consider the following coupling of the bulk Higgs eld  to the N








Note that the canonical dimension of the 4D eld  is 1, while that of the 3D eld  is 1/2;
the coupling constant g is dimensionless.
We conjecture that
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hexp(O1 +O2)i  exp(−SA[a(k); (k)]− S[a(k); (k)]) ; (12)
where S[a(k); (k)] is the Higgs action (10) computed on the classical solution of the gauge-





(k) exp(ikx) ; (13)
(x;1) = 0 : (14)
The approximation sign in (12) means that we only assume that the correspondence between
the two theories holds in the infrared limit dened as
k  mW  mH : (15)
Here k is a 3D momentum, mW = gv, and mH = 2
p
v. Thus the superconductor described
by the 4D theory is an extreme type-II case.
The classical theory is in the Higgs phase whenever v2 > 0. Some support to the
conjecture (12) is obtained by considering the case (x; 0) = v. The heavy Higgs eld is
hard to excite, so up to 1=mH corrections we now have j(x; z)j = v in the bulk. In the





W )A = 0 ; (16)
and instead of (6) we obtain





















The amplitude a3 corresponds to the longitudinal polarization vector e3 = m
−1
W (!k=jkj; ijkj)
and does not participate in the coupling (7); the amplitudes a1;2 correspond to two 3D
transverse polarizations. The approximation in (17) refers to the limit (15). The two-point









This is the correct infrared behavior of the propagator in 3D electrodynamics with N species
of \quarks" n that became massive via the coupling (11)|as long as nonperturbative
eects, such as magnetic monopoles, are not taken into account. We also nd that the
coupling constant g in (11) is related (proportional) to the coupling constant e in (10).
We expect, cf. refs. [1,2], that 1=N corrections in the 3D theory will correspond to
quantum corrections in the 4D theory. Further, we expect that nonperturbative, in the
sense of the expansion in 1=N , eects in the 3D theory correspond to nonperturbative, in
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the sense of the expansion in e2, eects in four dimensions. Even with the simple boundary
condition (x; 0) = v, quantum fluctuations in the bulk will produce closed worldsheets of
Abrikosov flux lines. To see the eect of these within the classical theory of the bulk, we need
to consider more complicated boundary conditions. Namely, we populate the 3D boundary
with Abrikosov flux loops. The holographic image then includes Abrikosov worldsheets
originating at the boundary, with the actions proportional to their areas. From the point
of view of the 3D theory, flux loops containing the eld A are worldlines of particles that
carry charges with respect to the eld B: they are Wilson loops of the 3D theory. The area
law for the Wilson loops means that nonperturbative eects cause connement in the 3D
theory.
To develop this picture of connement a bit further, notice that the Higgs eld , being
electrically charged with respect to the bulk eld A, is magnetically charged with respect
to the boundary eld B. A Higgs condensate for A is a condensate of a eld of magnetic
monopoles for B. It is known that, in 3D electrodynamics without matter, monopoles cause
connement even when they form a dilute gas [5]; they do not need to condense. On the
other hand, it has been argued that a dilute gas of monopoles does not lead to connement
in the presence of many species of massless matter [6]. That is precisely the critical point
that we have in the absence of a monopole condensate. We now nd, using our conjecture,
that condensation of monopoles (as opposed to a dilute gas) drives the large N 3D scalar
electrodynamics away from the critical point and into connement. As far as we know, this
is a new result of the present paper.
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